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Abstract 

In the theory of submanifolds, the following problem is fundamental: to es- 
tablish simple relationships between the main intrinsic invariants and the main 
extrinsic invariants of the submanifolds. The basic relationships discovered until 
now [1, 2, 3, 4] are inequalities. To analyze these problems, we follow the idea 
of C. Udri§te [6, 7, 8] that the method of constrained extremum is a natural 
way to prove geometric inequalities. We improve the Chen's inequality which 
characterizes a totally real submanifold of a complex space form. For that we 
suppose that the submanifold is Lagrangian and we formulate and analyze a 
suitable constrained extremum problem. 
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1. Optimizations on Riemannian submanifolds 

Let (A^, ^ ) be a Riemannian manifold of dimension m, M be a Riemannian 
submanifold of it, g be the metric induced on M by ^ and f : N ^ R he a. 
differentiable function. 

In [5] we considered the constrained extremum problem 



^1) min fix). 



The first result is 



Theorem Llfx^eM is the solution of the problem (1), then 

i) (gradf)(xo) er^-L^M, 

ii) the bilinear form 
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a{X,Y) =Hess/(X,F) +^(/i(^,F),(grad f)(a:o)), 

is positive semideGnite, where h is the second fundamental form of the sub- 
manifold M in N. 

We shall use this theorem in order to find a inequality verified by the Chen's 
invariant of a Lagrangian submanifold in a complex space form. 



2. Estimation of Chen's invariant of a Lagrangian submanifold in a 

complex space form 

Let (M, g) be a Riemannian manifold of dimension n, and x a point in M. 
We consider the orthonormal frame {ei,e2, ■•■,e„} in T^M. The scalar curvature 
at X is defined by 

T— R[ei, Cj, Ci, Cj) , 

l<i<j<n 

where R is the Riemann curvature tensor of {M,g). 

We denote Sm = r — min(A;), where k is the sectional curvature at the point x. 
The invariant 6m is called the Chen's invariant of Riemannian manifold {M,g). 

Let (M, g, J) be a Kahlcr manifold of real dimension 2m. A submanifold M 
of dimension n of (M, ^f, J) is called a totally real submanifold if for any point x 
in M the relation J(T^M) C T^^M holds. 

If, in addition, n = m, then M is called Lagrangian submanifold. For a 
Lagrangian submanifold, the relation J{TxM) = T^M occurs. 

A Kahler manifold with constant holomorphic sectional curvature is called a 
complex space form and is denoted by M(c). The Riemann curvature tensor R 
of M(c) satisfies the relation 

R{X, Y)Z = l{g{Y, Z)X-g{X, Z)Y+g{JY, Z)JX-g{JX, Z)JY+2g{X,JY)JZ}. 

A totally real submanifold of real dimension n in a complex space form M(c) 
of real dimension 2m verifies a Chen's inequality 

n — 2 , ,, ,,9 . ^ c , 

SM<^{:^\\H\\' + {n + l)-}, 

where i!/ is the mean curvature vector of the Riemannian submanifold M of M(c). 

Remark, i) If M is a totally real submanifold of real dimension n in a complex 
space form M(c) of real dimension 2m, then 

AjyX = -Jh{X, Y) = AjxY, V X, r e X{M). 
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ii) Let m — n (M is Lagrangian in M(c)). If we consider the point x e M, 
the orthonormal frames {ei, e„} in T^M and { Jei, Je„} in T^M, then 

where /t*-;;. is the component after Jcj of the vector h{ej, Cfc). 

With these ingredients we prove the next result which can be regarded as an 
obstruction to Lagrangian isometric immersions of a Riemannian manifold into 
a complex space form. 

Theorem 2. Let M he a Lagrangian submanifold in complex space form M(c) 
of real dimension 2n, n > 3. Then 

r ^ («-2)(n+l) c I 2n-3 || rj||2 
OM 2 4 + T2;^+3 II-" II • 



Proof. We consider the point x G M, the orthonormal frames {ei, e„} in 
TxM and { Jei, Je„} in T^M, {ei, 62} being an orthonormal frame in the 2— 
plane which minimize the sectional curvature at the point x in T^M. 

By using Gauss's equation R{X, Y, Z, U) = R{X, Y, Z, U)- 
-g{h{X,Z),h{Y,U)) + g{h{X,U),h{Y,Z)),\/ X,Y,Z,U e X{M) and the fact 
that M(c) is a complex space form, we obtain 

n n 

r=l l<j<j<n r=l l<i<j<n 

n n 

(2) i?(ei, 62, ei, 62) = f + E h[ihl2 ' E(^l2)'- 

r=l r=l 

By subtracting the relations (1) and (2), we find 

n 

(3) Sm = (li^^l + E( E (^n + ^22)^^, + E K^h 

- E ihl.r - E (/^: 



(n-2)(n+l) c _L (hr _i_ hr \hr _i_ ST^ hr hr _ 

'33 

r=l 3<j<n 3<i<j<n 
3<j<n '2<i<j<n 

By using the symmetry in the three indexes of h^,, we can write 



n 

(4) 6m < (^i^^l + E( E (^^n + ^22)^^, + E K^f^3) - 

r=l 3<j<n 3<i<j<n 

- E (hi.y - E ih{,r - " E (K^r - E (Mj? = 

3<j<n 3<j<n 2<i<j<n 2<i<j<n 

n 

- (!izHKn±i) I + E( E (^n + hl2)h^3 + E ^3)- 

r=l 3<j<n 3<i<j<n 

- E ih{,r - E ih],f - E (Mif - E (/^;.)' = 

3<j<n 3<j<n 2<i<j<n 2<i<j<n 
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J J ' /-^ %i 33' 
r=l 3<j;<n 3<i<j<n 

2 



- E (Mi)^ - E ih^3r - 

3<j<n 3<j<n i,je2,n 

i¥=3 



Let us consider the quadratic forms fi, f2, fr '■ ^ R, r E 3,n defined 
respectively by 

h{h\„hL,...,hU= E (Ml + ^2)/^], + E M^M.- E (M.)'' 

3<j<n 3<i<j<n 3<j<n 

/2(/i?„/.L...,/iL)- ~E~ (Mi + ^i2)/^f,+ E ^IM'. - ~E~ (^'.O'^ 

3<i<" 3<j<jr'<?i 3<j<n 

3<j<n 3<i<j<n 

-(Mi)^ - TAh'jj?. 

3&'i,n 
3+r 



We need the maximum of /i and /a. For /2 and /r, r e 4,n, we can solve 
similar problems. 

We start with the problem 

max/i, 

subject to P : /i^;^ + /i22 + ••• + /i^'in = 

where is a real constant. 

The first three partial derivatives of the function /i are 

(5) It = E MV 

3<j<" 

(6) H - E MV 

3<i<n 

(7) It = + ^2 + E ^3 - 2^3- 

4<j<n 

As for a solution (/in, hl2, h^^^ of the problem in question, the vector 
(grad) (/i) is normal at P, from (5), (6) and (7) we obtain 

(8) + = 5h]j = 3a\y J e 3~n. 

By using the relation h\i + + Ms + •■• + Mn — from (8) we obtain 
3a^ + (n — 2)a} — k}. Consequently 

(9) = 

As /i is obtained from the function studied in Chen's inequality (see [5]) by 
subtracting some square terms, /i |P will have the Hessian seminegative definite. 
Consequently the point (/i}^, /i22, Mn) given by the relations (8) and (9) is a 
global maximum point, and hence 

(10) /i < 3a\n - 2)a' + Cl_2ia'f - {n - 2){ay = ^{n + l){n- 2). 
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Prom (9) and (10), it follows 

f < ^^^f n-2 ^ (nf n-2 I TT\\2 
\^^} 3\ ^ 2 n+1 2 n+\\ > ' 

Similarly we obtain 

(12) h < ^m^r- 

Further on, we shall consider the problem 



max /a, 

subject to P : hl^ + hl^ + ... + = k^, 

where is a real constant. 

The first four partial derivatives of the function are 

(13) H = E h% - 2hl„ 

3<j<n 

(14) IS- = E - 2^1 
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3<j<n 



(15) H = + + E 

4<j<n 



(16) H = + hi, + E 2/^14- 

3<i<n 

For a solution {h\i, h^,, h\ri) of the problem in question, the vector (grad)(/3) 
is colinear to (1, 1, 1). 

By using (13), (14), (15) and (16) we obtain 

(17) h\, = hi, = 3a^ 

(18) /lis = 12a^ 

(19) h^^. = 4a^ V i G t;^. 

As /ifi + hi, + hl^ + ... + hl^ = k^, from (17), (18) and (19), one gets 

(20) = 

With an argument similar to those in the previous problem we obtain that 
the point {hf^, hi,, h^^J given by the relations (17), (18), (19) and (20) is a 
global maximum point. Therefore 

(21) /s < 6a-^12a-'^ + 6a^{n - 3)4a'^ + 126(n - 3)4a-^ + Cl_.im{a^ f- 

-18(a3)2 - (n - 3)16(a3)2 = 2{a''f{2n - 3)(2n + 3). 

From (20) and (21) we obtain h < ^irl = tItK^')'- 
Similarly one gets 

(22) /. < f i^(^0^ yreS^. 

As S < Iri' ^ ^ ^ 3, from (11), (12) and (22), it follows 

(23) //<fi^(^^T,VrGM. 

By using the relations (4) and (23) we have 



(0A\ A ^ ("-2)(n+l) c I n'^ 2n-3 \^ f ur\2 _ {n-2)(n+l) c , 2n-3 || u||2 
{Z^) Om ^ 2 4-^2 2n+3 Z^V"" ) — 2 4 ~^ 2 2n+3 I 



5 



Remark. B.Y. Chen, F. Dillen, L. Verstraelen, L. Vrancken showed in [4] 
that an Lagrangian submanifold, of real dimension 2n, n > 3, of a complex space 
form M(c), satisfying the equality 

(25) 5m = ll^^ir + (n + 1)^}, 

is minimal. 

Now, this result is an immediate consequence of the previous inequality. 
From (24) and (25), it follows \\Hf < \\H\\\ whence 

^ \\Hf (p^ - ^) > 0. 

2 II II V 2n+3 n— 1' — 

As 1^ - ^ < 0, V n > 3, we infer that \\H\\ = 0, so M is a minimal 

2n+3 ' — ' II II ' 

submanifold in M(c). 
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